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Abstract 

In this note, we gauge the rigid vectorial supersymmetry of the two-dimensional Poisson 
sigma model presented in arXiv:1503.05625. We show that the consistency of the 
construction does not impose any further constraints on the differential Poisson algebra 
geometry than those required for the ungauged model. We conclude by proposing that 
the gauged model provides a first-quantized framework for higher spin gravity. 
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1 Introduction 

The original two-dimensional Poisson sigma model mm provide a quantum field the¬ 
oretic implementation [3] of Kontsevich’s formality theorem [4], which states that, 
modulo the issue of ordering prescriptions, there is one-to-one correspondence between 
algebras of functions equipped with Poisson brackets and nonlocal products that are 
noncommutative and associative, known as star products. More precisely, the Feyn¬ 
man diagrammatic expansion of the Poisson sigma model [3] reproduces Kontsevich’s 
star product in the case of Poisson manifolds of M n topology. 

It is natural to ask whether there exists an extension of the star product to dif¬ 
ferential forms that is manifestly covariant and compatible with a nilpotent operator 
that deforms the de Rham differential, referred to as differential star product algebras. 
Indeed, at the semi-classical level, the Poisson algebras of functions can be extended to 
differential forms that are compatible with the de Rham differential Em also known 
as differential Poisson algebras. Following the algebraic approach, these algebras have 
been shown izi mm to admit deformations that yield differential star product algebras 
up to second order in the deformation parameter, except in the torsion free symplectic 
case where the star product is given by a covariantized Moyal formula to all orders. 

In m > we have constructed a natural extension of the original Poisson sigma model 
by including vectorial fermions, and proposed that its perturbative quantization yields 
the full differential star product algebra on a manifestly covariant format. A key 
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feature of this model is that, besides its gauge symmetries, it exhibits a rigid nilpotent 
supersymmetry, i.e. a symmetry generated by a holonomic vector field, that is the 
vectorial superspace counter part of the de Rham differential on the original bosonic 
Poisson manifold. 

In this technical note, we show that it is possible to gauge this holonomic symmetry, 
following the standard Noether approach, without the need to impose any further 
constraints on the differential Poisson algebra geometry. This construction opens up a 
framework for constructing topological open string fields theories within the framework 
of Cartan integrable systems. In particular, based on Elina Eg, we propose that 
models of these type may provide first-quantized formulations of higher spin gravities, 
as we shall comment on further in the Conclusions. 

The paper is organized as follows: Section [2] describes the basic features of the 
ungauged model and its proposed usage in deformation quantization. The gauged 
model is formulated and analyzed in Section [3l with particular attention paid to its 
universal Cartan integrability. We conclude with a proposal for higher spin gravity in 
Section [4j Appendix [A] contains some useful identities for tensor calculus on Poisson 
manifolds. 


2 The ungauged model 

2.1 General framework 

While we are here going to focus on a particular class of two-dimensional models, related 
to associative free differential algebras, these models are part of a larger framework 
for constructing homotopy associative quantum algebras with free differentials based 
on topological open p-branes mi ei nsi inj. The basic idea is to use perturbative 
quantization on the worldvolumes to deform the senri-classical algebras of differential 
forms A(IV) on graded target space manifolds N. As proposed in |10j . in order to 
include elements in A(IV) of arbitrary degrees, the manifold N should be extended to a 
vectorial superspace TfiV, in the sense that for each coordinate of N, X a say, of degree 
Pa, one introduces a fermionic partner, 0“, of the same degree. Thus, the bundle TfiV 
has local vectorial supercoordinates (X“,0 a ) with bi-grading 

degpT,0“) = (p a ,p a ) , e f pT,0“) = (0,1) . (1) 

As for the rest of the construction, following the usual procedure, additional momentum 
variables, say (P a ,X a ), are introduced, with 

deg(P a ,A a ) = (p-Pa,P~Pa) , e f (P Q , Aq,) = (0,1) . (2) 
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playing the role of Lagrange multipliers on the worldvolume. Thus, the sigma model 
map f : M. p +\ —> AT sends the worldvolume to a target bundle Af over Tf N that is 
(N, Z 2 )-graded, in the sense that all tensorial objects O over AT have a degree deg(O) 
and an additional Grassmann parity ef (O). Finally, in order to have well-defined semi- 
classical algebra the Koszul sign convention is taken to be 

qq ' — ^_i) de g(C , ) de g(C’')+ e f(C , )ef(C , ')(9 / (9 _ ( 3 ) 

The classical action of the extended model with fermions takes the same form as that 
of the original bosonic model, viz. 

S d = [ (4) 

where d is the presymplectic form on AT and AL is a generalized Hamiltonian obeying 
{H, %} = 0, using the bracket defined by the symplectic form 17 = did. By means 
of the AKSZ procedure [T8], the classical action can then be extended further to a 
Batalin-Vilkovisky [191 l20f 12T] (quantum) master action with AKSZ superfields with 
distinct total degree | • |, equal to the sum of ghost number and (classical form) degree, 


and Grassmann parity; the Koszul sign convention now takes the form 

OO' = (-l)l°H c,, l+ef(0Ff (O')o'O . (5) 

In particular, working on Af, the differential d on N, which has 

deg(d) = 1 , € { (d) = 0 , (6) 

can be realized as a holonomic vector held <5f on TfN, which has 

deg(<5 f ) = 0 , e f (d f ) = 1 , (7) 

by mapping p-forms u on N to zero-forms f u on TfN that are p-linear functions of the 
fermionic fiber coordinates, viz. 

u = ±dX a ' A • • • A dX a *u ai ... ap ^ f u = i0 ai • • • u ai ... ap , (8) 

and taking 

6 { X a = Q a , <J f ©“ = 0 . (9) 


2.2 Differential Poisson algebras 

As for the underlying target space geometry, upon going to canonical coordinates, the 
expansion of the Hamiltonian in momenta yields a set of mutually compatible poly¬ 
vector fields and related geometric structures on N (including pre-connections), that 
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constitute graded (anti-)symmetric brackets obeying natural graded generalizations of 
Leibniz’ rule and the Jacobi identity, defining a generalized differential Poisson algebra 
on N. The deformation quantization of such brackets can be achieved following a 
purely algebraic approach. In particular, the algebra of zero-forms on a manifold N 
of degree 0 equipped with an ordinary bi-vector held II = Ii a °d a A dp obeying the 
Poisson condition {II, n}g c h ou ten = 0, such that the Poisson bracket {/, g} = II (df, dg) 
between zero-forms obeys the Jacobi identity, can be deformed to an associative algebra 
equipped with Kontsevich’s star product. 

The semi-classical Poisson bracket algebra can be extended to a differential Poisson 
algebra with a Poisson bracket between general differential forms that is compatible 
with the de Rharn differential. This extension can be achieved by introducing a connec¬ 
tion one-form T a p = dcjRT^p and an additional tensorial one-form S = d^Sa^dpOd^, 
such that the bracket between a function / and a one-form to reads 

{/, u} = H aP d a fVpuj + (VIT^ + s afi )d a fipu , (10) 

where V is defined using the connection one-form = c/0 7 P“ 5 where T"^ = T^+T^, 

i.e. Vcu = Vcj + 2 itoj where T is treated as a vector-valued differential two-form. It is 
convenient to work with a connection that annihilates the Poisson structure, that is, 
to make the following compatibility assumption: 

v Q n /37 = o. ( 11 ) 

Its integrability requires that the curvature two-form R a p = ^dq P A d(j) S R~ t s a p obeys 

R a0 ;= n ^R a 1 = & a , (12) 

and, as shown in the Appendix, that 

n A[/3 (RaA + R a A 7] e - V a T 7 2) = 0 . (13) 

Assuming in addition that S = 0, the resulting Poisson bracket between two differential 
forms uj and g can be written as 

{w, g} = U a ^V Q uj A Vpg + (-1 ) deg{u) R a ^i a uj A ipg , (14) 

where the last term thus ensures that d{u>,g} = {du,g} + (—1 ) deg ^{u,dg}. As has 
been shown in [3 00 El IS], the graded Jacobi identities hold provided that the torsion 
and the curvature obey integrability conditions, listed below in Eqs. (f22l) - (l25l) . 

We would like to remark that whereas there is no obstruction to deforming a Poisson 
bracket into a star product in a space of zero-forms, which is one of the main results of 
Kontsevich’s formality theorem, there is to our best understanding no classification of 
the obstructions, if any, to deforming a differential Poisson algebra into a differential 
star product algebra. 
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2.3 2D Poisson sigma model with holonomic symmetry 

Returning to the field theoretic point-of-view, the natural approach towards the 
deformation quantization of the aforementioned bracket structures thus consists of 
coupling the underlying integrable geometric structures to open topological p-branes, 
as outlined above. One can then treat the classical differential forms as symbols for 
boundary vertex operators, with the aim of obtaining the differential star product 
algebra perturbatively using the AKSZ formalism, which we leave for future work. 

As far as the deformation of standard Poisson brackets between zero-forms is con¬ 
cerned, the perturbative quantization of the two-dimensional Ikeda-Schaller-Strobl 
Poisson sigma model mm was shown by Cattaneo and Felder [3] to re-produce Kon- 
sevich’s explicit star product formula on N = W 1 [3], indeed without encountering any 
obstructions albeit on a non-manifestly covariant form. 

More recently, in m, we have proposed that the manifestly covariant deformation 
quantization of the differential Poisson algebra, including differential forms in higher 
degrees, can be achieved starting from the aforementioned natural extension of the 
Ikeda-Schaller-Strobl model, which thus facilitates the mapping ([8]) of line-elements 
d<p a on N, with degree one and fermion number zero, to the fiber coordinates 6 a on 
TfN, with degree zero and fermion number one. 

To write the model down, one thus introduces momenta r] Q and Xa f° r </>“ and 8 a , 
which thus have degrees one and fermion numbers zero and one, respectively. The 
classical action is now given by m 

s 0 = [ (rj a A dcj) a + ±1I a V A np + Xa A vr + \Ry S aP Xa A xpO^ 5 ) , (15) 
Jm 2 v 7 

where the field variables (</>“, r] a ; 0 a , \a) are assigned form degrees deg 2 (-) on M 2 and 
an additional Grassmann parity ef(-) as follows: 



cf) 01 

Va 

e a 

x a 

deg 2 

0 

1 

0 

l 

£f 

0 

0 

i 

l 


In the target space, the fields <p a are local coordinates of the base manifold N of 
a bundle T*[1,0]IV © T*[l, 1]IV © T[0, 1]N with fiber coordinates ( rj a ,Xa,O a ), where 
T*[m, e]A^ is obtained from T*N = T*[ 0,0]IV by replacing the hber coordinates by new 
fiber coordinates with degree m and Grassmann parity e, idem T[m,e]N. The sigma 
model map ip : —> N induces a bundle over M 2 as follows: 

ip* (T*[l, 0}N © T*[ 1, 1}N © T[ 0,1]IV) 

= ^*(T*[0,0]JV)®T*M 2 ) © ^*(r*[0,l]JV)®T*M 2 ) © <^*(T[0, l]N) , (16) 
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whose sections we denote by (r/ Q . y Q , 0 a ) as well, for simplicity of notation. The co¬ 
variant derivatives on M 2 of these sections are given by 


V0“ = dO a + , 

Vi] a = drj a - dx/PT^rip , 

idem X a- As shown in m, the equations of motion, which read 


Uf := + 11“% = 0 , (18) 

n 8 0 a := V0“ + \R lt 5°%/j0 7 0 5 = 0 , (19) 

K a ■■= Vr? Q + IVaRse^Xp A Xl 0 5 0 e + Rco^sXl 3 A dpO 5 = 0 (20) 

TVt ■■= Vx« - ^RaS^XP A X-yO S = 0 , (21) 

form a universally Cartan integrable system provided that the background fields obey 
the conditions 

u S[a T Pjp]e = 0 ; (22) 

U ap U"PRpSs = 0 , (23) 

n“ A V A = 0 , (24) 

Re[ P {aP K A] 7)e = 0 , (25) 


which in their turn are equivalent to that the Poisson bracket ()14l) obeys the graded 
Jacobi identities. More precisely, the integrability of the constraint on TZ^ a requires 
Eqs. (1221) (1241) . while the integrability of the remaining constraints requires Eqs. (1231) 
(1251) . In fact, decomposing the constraints into Young tables (not subtracting any 
traces), one finds that the covariant derivatives of (122 j) and (1231) contain parts of (1231) 
and (1241) . respectively, while all of (|25D is contained in the covariant derivative of (|24D . 

The compatibility of the bracket (PB) with the exterior derivative translates into 
the fact that the action has a rigid holonomic symmetry, denoted by df, which acts on 
the fields as follows: 

<J f ^“ = 0 a , 

5 { 6 a = 0 , 

8tf a = r%00 7 + \Rfaa XS 0 /3 0 7 , 

£fXa = -Va - r^X/l 07 • (26) 

The supersymmetry invariance of the action can be made manifest by re-writing its 
Lagrangian on the following df-exact form: 

S 0 = [ SfV , (27) 

■Jm 2 
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( 28 ) 


where the functional V, which is a fermionic two-form, is given by 

v= -Xa A [dr + in a V) > 

where we have used dill) . The corresponding Noether current is given by 

Jf = Va e* _ • (29) 

In computing dJf on-shell, the coefficient of the X 2 # 3 term can be seen to vanish using 
Eq. fj84[) and the Bianchi identity (1871) for the Riemann tensor. The coefficient of the 
ri X 9 2 term cancels by virtue of the relation between the curvatures of T^ and in 
(1861) and the torsion Bianchi identity (l88l) . 

3 The gauged model 

In this section, following the standard Noether procedure adapted to the generalized 
Hamiltonian format, we shall derive a classical action for a version of the above sigma 
model in which the rigid supersymmetry is gauged. That is, we shall add two fields to 
the model, namely a fermionic one-form i/j, whose role is covariantize all the derivatives, 
and its fermionic zero-form Lagrange multiplier A. As we shall see, at the classical level, 
the gauging is consistent without imposing any further restrictions on the background 
Poisson geometry than those already underlying the construction of the ungauged 
model. 

As already remarked, whether the model actually remains consistent at the quan¬ 
tum level, and whether there exists any related extension of Kontsevich’s formality 
theorem to the deformation of differential Poisson algebras, remains to be investigated 
further. In particular, it would be interesting to examine carefully potential anomalies 
in the Noether current and the conditions on the background in order to avoid or cancel 
these. We would also like to remark that one may think of ^ as a gravitino field for 
an abelian superalgebra without any bosonic generator, which may be of importance 
in introducing further gaugings in order to construct topological open string models, 
that in particular could serve as microscopic origins for higher spin gravities. 

3.1 The action 

In order to gauge the holonomic vector field <5f we introduce a fermionic one-form i/j 
gauge field and its corresponding fermionic zero-form momentum A, and couple if) to 
the Noether current (1291) . The resulting gauged model is described by the classical 
action 

S = So + f (i/j A Jf + Xdtjj + Ai/j) , (30) 

Jm 2 
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or more explicitly, 


S = [ (r) a A (#" - ip0 a ) + in aP ri a A^ + XaA ( dd a + (i dq^ - ip0P)T% 0 1 ) 
Jm 2 ' 

+ \R^Xa A + A<# + § ip a </>) , (31) 


where c is a real parameter that cannot be fixed as we are gauging an abelian symmetry. 
As for the degrees deg 2 (-) on M 2 and the additional Grassmann parity ef(-), we have 
the following assignments: 




Va 

6» a 

x Q 

Ip 

A 

deg 2 

0 

1 

0 

1 

1 

0 

Cf 

0 

0 

1 

1 

1 

1 


3.2 Equations of motion 

We have the following equations of motion: 

lZ r :=Kf -ip6 a = 0 , (32) 

n° a : = n e 0 a - y> e 0 e^ = o, (33) 

TV* := TVq 1 — ip A (R a ^s xp O^0 5 + T^ r, 0 0 7 + \R^ 5 a X 5 = 0 (34) 

R xa ■= TV* + V’ A [r] a + Tl 0 Xl ^=0, (35) 

:= dip = 0 , (36) 

n x := dX- J f -ctp = 0 , (37) 


The Cartan curvatures (77 ?i “ , 77 e,a , 77 x “ , TZ ^, 77 A ) are proportional to the functional 
derivatives of S with respect to ( 77 , X , 6 , A, ip), respectively, while (1341) has been 
obtained from 



- VlpXi A dB* + A x^ 7 , (38) 

by rewriting daH^'ripr^ using 7Z^ a = 0 and V Q ,n' 37 = 0, and the quantities dx-yT^pd 13 
and Xj^lpdO^ using 7 Z Xa = 0 and 7 Z° a = 0, respectively. 

Alternatively, upon defining 

D<p a = d(p a - ip0 a , D0 a = V0 a - , 

Dri a = Vr/ Q + \ip0 P Tl a A ry 7 , £>Xa = + \ip9 p T^ a A x 7 , 
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(39) 

(40) 












(41) 

(42) 

(43) 


the equations of motion take the form 

Dcp a + n= 0 , 

D6 a + \R^ X p # 7 0 5 = 0 , 

DXa - \Raff l6 X 1 A X8 00 +i> A (j]a + \T^ X 7 6 ' 3 ) = 0 > 

D Va + R a / S xp A D^e 5 + \V a Rs^xp A X 7 0 5 e e - A (R fh s a X5 O 0 9^ + T2p ny) = 0 . (44) 

This more geometric form of writing the equations is less useful, however, for verifying 
the Cartain integrability, as the on-shell value of the D 2 operator is more involved than 
that of the V 2 operator, as can be seen by comparing 

D 2 r = In^n VTfans a r k A (lP s T^r, 5 9 0 + R l5 a0 X^O S ) , (45) 

D 2 0 a = A {w e R M a 5 rj e e 0 e 8 + \T^R Se 0p Xp 9 5 9 e 9^ + , (46) 

D 2 Xa = A (u Se R l5 0 aVe A x^ - \Tp a Rse 0P Xp A X 7 ^r + \rt f V S Tj a r k A x 7 ^) 

+ & A A (i? 7 /aX^ 7 ^ - 1 2 T 5 P T J a X^ S 0 P + VsT^x^e 5 + ^T^Xp&P) , (47) 


and a similar expression for D 2 r) a , with 

V#“ = 1 n^n^T^r /5 A r] e — tp A IP S T ^ % 9 0 - ^ A V’ 7^0^ , (48) 

v 2 r = —ip a n 6e R yS a pvtO r/ o li - \tp a ^R lS a ^e s e 0 , (49) 

V V = V’ A n 5e i£/ a 7fe A 7 ^ + ^ A iiR^aV^e 6 , (50) 

V 2 Xa = —ip A A X/3@ 7 + ^ a i,R lS 0 aX ^d 5 , (51) 


where = 0 has been used repeatedly, and the torsion Bianchi identity 

Eq. (1881) has been used to cancel the ^ 2 -terms in D 2 6 a . Thus, in what follows, we shall 
verify the integrability of the equations of motion by acting with V on the generalized 
Cartan curvatures. 


3.3 Universal Cartan integrability 

Letting 1Z l = (T& a ,lZ ea ,'R7 ,a ,lZ Xa ,1Z^ ,1Z X ), sometimes referred to as the Cartan cur¬ 
vatures, we are going to show that there exists a field dependent matrix M l - such that 
the obstructions 

A i :=VTZ i + n i AMj (52) 

defined off-shell, vanish on base manifolds of arbitrary dimensions, essentially by virtue 
of Eqs. (1221) - ([25]) and the compatibility condition (fill) and its consequences (fl2l) and 
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(1131) . In other words, the equations of motion form a universally Cartan integrable sys¬ 
tem on the base manifold, that is, the field variables generate a free differential algebra 
on-shell, by virtue of the fact that the target space geometry describes a differential 
Poisson algebra. 

In order to analyze the above problem, one first computes VIZ 1 off-shell, and 
one may then proceed on-shell by first using the identities (j48j) ~ (1511) and then sim¬ 
plify the expressions further by means of identities involving the background fields. 
In doing so, we shall not keep track of the matrix Mj, and we shall expand A 1 = 
Aq + ip A A\ + ^ip /\ip f\ A 2 , where thus Aq vanish due to Eqs. (l22l) (l25l) . (fill) and 
(1121) (but not (1131) ), as was shown in m- Thus, we only need to analyze the potential 
obstructions from A\ and A\. As we have already stressed, we shall see that these 
obstructions vanish without any further conditions on the background (though the 
vanishing of A Va requires Eq. (1131) ). 

A^: This quantity vanishes identically because Vdip = ddip = 0. 

A A : As VdA = 0 and Vip = dip = 0, we have to check that dJf remains closed on-shell 
in the gauged model. Indeed, the ipxd 3 term vanishes identically due to the relation 
(1861) and the torsion Bianchi identity. 

JA ': The ipx@ 2 and ip 2 0 2 terms cancel uneventfully while the coefficient of the ipr]6 
term cancel as a consequence of the compatibility assumption (l89|) . 

A® a : The ipr]6 2 term can be seen to cancel using the relation (|86D and the torsion 
Bianchi identity (|88l) . The ipx term vanishes by virtue of (1841) and the Bianchi iden¬ 
tity (1871) for the Riemann tensor of T. The ip 2 6 3 term can be cancelled using the 
Bianchi identity for the Riemann tensor of T. 

A Xa : The iprjxO term can be cancelled by first using (1861) and then the torsion Bianchi 
identity (|88D . The ipx 2 9 2 terms caan be seen to vanish by first using (|84D and then the 
Bianchi identity (1871) for the Riemann tensor of the connection T. Finally, the ip 2 6 2 x 
terms cancel due to (l86j) . 

A Va : The verification of the vanishing of this obstruction is less straightforward than 
the previous ones. The iprj 2 0 term cancels due to the identity (1131) (which was not 
needed in checking the Cartan integrability of the ungauged model). The coefficient of 
the ipx 2 0 3 term is proportional to the covariant derivative of the Bianchi identity for 
the Riemann tensor of the connection f, that is, V At (V[ Q! i?g 7 ]' 5e — T^i? 7 ] A <5£ ) = 0. One 
can furthermore check that the ipxd^ 2 term vanishes using (1861) and the two Bianchi 
identities (1871) and (1881) . The coefficient of the ip 2 i]9 2 term can be seen to vanish using 
(1861) . Finally, the ip 2 xA term can be cancelled by first using (1841) and then the Bianchi 
identity (1871) for the Riemann tensor. 
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3.4 Gauge transformations 


Following the general procedure |22j outlined in |10| , we use RZ a to eliminate d(j> a , as 


to write the equations of motion as 

W ,a = d(p a + U a ' 6 rjg - i(jd a , (53) 

n ea = do a - n^T%r h e & + \R l5 a0 X pO x e 5 , (54) 

n Va = d Va + Tl 01 Y 5 p a r? 7 A Vs + lP x R aj 0 s Vx A XpO 5 + \V a R 5 e M Xp A Xl 9 S 6 e , 

-V»A(r + \R M & a X5O 0 e^ , (55) 

R Xa = dxa + A xa - \R a 5 M Xp A X^ 5 + ip A (V + T^Xpd^ , (56) 

= dip = 0 , (57) 

77 a = dX- rj a 0 a + \T^ Xa 0 0 0^ -cip = 0 . (58) 

Since these curvatures are on the canonical form 

n l := dZ i + Q\Zi) = 0 , Z* = (4?, rj a -e a , Xa\ip, A) , (59) 

where thus Q l is a Q structure, viz. 

« A a§7 & = 0 • < 60 > 

the universal Cartan integrability amounts to the generalized Bianchi identities 

d77 ?: + 77 J A^|-g J = () . (61) 

The on-shell gauge transformations are consequently given by 

5Z l = de { - , modulo K l , (62) 

o ZjJ 


where e* = (0, ; 0, , 0) are gauge parameters with degrees and Grassmann 

parities given by 



Av) 

ta 

Ax) 

ta 

e wo 

deg 2 

0 

0 

0 

€f 

0 

l 

1 


11 











Applying the above general formalism to the present model, the infinitesimal on-shell 


gauge transformations are found to be 

Scj) a = -n^e^ + , (63) 

60 a = n^r^e^e 6 - ^R^e^e^e 5 , (64) 

Sva = Ve^ - n^r- !P x R a ^ s e^x 0 O s + lP x R a ^ s r, x e ix) 6 s 

-\V a R 5e ^e {x) x^ 5 e e + e W (r+ hR^ a xsO p e^ , (65) 

^Xa = Ve&> - U^T$ a e^X6 + RaS? 1 Xl 9 s - e W (p a + T^ X ^) , (66) 

dip = de^ , (67) 

dA = e^6 a - + ce^ . (68) 

In particular, we note that the gauge transformation associated to the gauge parameter 
e W corresponds to the df supersymmetric transformation (|26l) . i.e. 

^(f.'/ci^Ja) = e W W",da;0",Xa) , (69) 

and moreover 


6 eW il> = deM , S eW \ = ceM. 


(70) 


Off-shell, it follows from the general formalism [22], that the gauge transformations are 
given by 


dZ* = de i -e^^-Q l + ^e K TZ l 

oZj 




-e k 1Z l 

2 dzi 


v ji 5 


(71) 


where we have introduced the symplectic two-form 


Vt = dd = \dZ l OijdZ j = ±dZ i dZ j tt ij , 


V lk O kj = -5) , 


(72) 


of degree three on the full target space M, with pre-symplectic structure 


d = rj a A d(j) a + Xa A V0“ + Xdip , (73) 

treated as a one-form of N-degree two on A f. Thus, the matrix O l3 can be read off 
from 



( 2B \p 

r V“ 0/3 

A 7 
°P 

-r“ 7 x« 

—r 7 

J- pa 

e a o 

0 N 


(dcpA 



6 P ry 

0 

0 

0 

0 

0 


d?y 7 

\ [dcp p dr] p d0 p dx P dip dX^j 


pXa 

r p a e a 

0 

0 

0 

5 p 1 

-*p 

0 

7 o 

0 

0 

0 


d0 7 

rfx 7 
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( 74 ) 


Moreover, the components V of the Poisson structure on AT is given by 
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0 
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0 ^ 


-ri p 
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R* P a px«oP 

r p o a 

1 cra u 


0 
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sj^ik _ 

0 

r a P J a 

0 

-8% 

0 

0 


0 


s p 

U CT 

0 

0 

0 


0 

0 

0 

0 

0 

-1 


l 0 

0 

0 

0 

1 



(75) 


Using the above four by four matrices is simple to show that V' lk Okj = — <5). If the con¬ 
nection vanishes identically, then the off-shell modification of the gauge transformation 
m vanishes. 


4 Conclusions and remarks 

Starting from the two-dimensional topological sigma model that was constructed in jlO j 
with the aim of covariantly quantizing differential Poisson algebras, we have shown that 
it is possible to gauge its rigid supersymmetry without having to impose any further 
constraints on the background fields. It remains to be examined whether the gauging 
is consistent at the quantum level, which in particular would require that the charge 

q { = / ,J f , (76) 

of the Noether current (1291) . or a suitably improved version thereof, is nilpotent as an 
operator, which may lead to extra conditions on the geometric structures of the differ¬ 
ential Poisson algebra, e.g. its Ricci curvature R a g'- r However, if such obstructions 
were to arise, one might argue that they would do so already in the star product at 
the first sub-leading order in the deformation parameter, but this is not the case, as 
was shown in [8] following the algebraic approach to deformation quantization. This 
suggests that there will not arise any obstruction at any order of perturbation theory, 
which we plan to examine in a separate work. 

One may ask for several natural generalizations of the present model: First of 
all, it is possible to rewrite the action on a format more closely related to the original 
Ikeda-Schaller-Strobl Poisson model [23j which facilitates the inclusion of the tensorial 
one-form S in Eq. (HOD while preserving the rigid supersymmetry, as well as further 
gaugings resulting in more general Q-structures than the de Rharn differential. For 
example, it would be interesting to gauge additional holonomic vector fields arising 
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from complex structures on complex submanifolds, or sp( 2) algebras associated to 
submanifolds with conical metric structures. 

Assuming quantum consistency, it is natural to expect that finite deformations of 
the background can be modeled by an open string field 'k obeying 

+ = 0 , (77) 

using the BRST operator 

Q = j> 7 Qf + Q { ™ ] , (78) 

where 7 is a bosonic ghost 7 and Q^ ,x > is built from the fermionic rj and x ghosts. 
Drawing on recent results in higher spin gravity mna, we propose that *k contains 
a superconnection Z valued in the direct product of two copies of the differential 
star product algebra on N, arising from zero-modes and winding-modes, and finite- 
dimensional matrices forming a graded Frobenius algebra T with inner Klein operator 
k. Saturating the fermionic zero-modes by inserting a delta function in the path 
integral, one may then argue that (1771) contains the flatness condition 

{Kq { ,Z}* + Z -k Z = 0, (79) 

where qi thus acts only on winding modes, and Z consists of even forms in the odd part 
of J~ and odd forms in the even part of J 7 , all valued in the associative (higher spin) 
algebra generated by the bosonic zero-modes. Thus, if confirmed, our proposal would 
provide a first-quantized framework for the duality extended Frobenius-Chern-Simons 
formulation of higher spin gravity given in mm- 
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during the completion of this work. A. T. G. is supported by Fondecyt post-doc grant 
N° 3130333. The work of P.S. is supported by Fondecyt Regular grant N° 1140296 and 
Conicyt grant DPI 20140115. 

A Conventions and some useful identities 

The covariant exterior derivative of a one-form u = c xi a d(j) a is given by 
Voi a = du a - A up , T a p = dtpr^p . 

In terms of components, we have 

VcJq, — d(pl \/pLU a , ^\7 a UJp — d a UJp ^' 


( 80 ) 

( 81 ) 
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The curvature and torsion tensors 


= 2 a,„rj ]5 + 2 = 2 r^,. ( 82 ) 

The square of the exterior covariant derivative acting on a one-form is 

V 2 Wq, = —R^a A uip , R^a = \d(\R A d(/) 5 R^ a ■ (83) 

We also make use of the covariant derivative V with connection one-fornr 

f ‘= # 7 f “0 = d = r^ 7 - , (84) 

and curvature two-form 

V 2 w q = -R? a A up , R a p = \d<f A dxf) S Rys, a p , (85) 

where 

Vj = Vl - + 2 - iyi% ■ (86) 

The component forms of the Bianchi identities for the Riemann tensor and the torsion 
read as follows: 

V[a-R/37 }e ~ T^pRj JA^e = 0 , (87) 

and 


= V [Q T 7 , - T^Tl , 


( 88 ) 


and, similarly, for the f connection we have V[ Q i?^ 7 ] s e ~ = 0 and R [aff 1 8\ = 

\7, T'y _ T e T 7 
v [« J /35] 1 [a/3 1 S\e- 

The compatibility condition V Q II^ 7 = 0 can equivalently be written as 


v^n ^ 7 = -2U 5 ^t2 ] s . 


(89) 


The integrability of the compatibility condition implies that 

Rai /5 ■= n Se R a p\ = Ra / 1 • (90) 

Alternatively, starting from the Ricci identity applied to the Poisson bi-vector, viz. 

[V e , Vjn' 57 = -T? a V s R^ 7 - 2R ea ^ 8 W ]s , (91) 

and using the identity (1551) , we find that the integrability of the compatibility condition 
can be phrased as that 


n A[/3 (r a A + R aA 7] £ - V A 


= 0 . 


(92) 
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